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FIRST AND SECOND FUNDAMENTAL AXISYMMETRIC PROBLEMS OF ELASTICITY THEORY FOR
DOUBLY-CONNECTED DOMAINS BOUNDED BY THE SURFACES OF A SPHERE AND A SPHEROID*®

A.G. NIKOLAYEV and V.S. PROTSENKO

The method of constructing solutions of the fundamental boundary-value
problems for a homogeneous Lame equation of multiconnected domains
bounded by canonical surfaces of cylindrical and spheroidal coordinate
systems described in /1/ is extended to domains with other geometry.
The problems under consideration reduce to infinite systems of linear
algebraic equations of the second kind with completely continuous
opertors. A solution in the form of expansions in a small parameter for
the problem of the hydrostatic pressure of a sphere with a centrally
located spheroidal cavity is presented as an example.

1. We consider the first and second fundamental axisymmetric problems for a homogeneous
Lame equation

VZu+ (1 —2v)lgrad divu =0 (1.1)

(v is Poisson's ratio) for a sphere with a spheroidal cavity whose axis passes through the
centre of the sphere. Introducing identically directed systems of spherical coordinates (r, 6,

@) and prolate spheroidal coordinates (&, 1;, ®) superposed on the centres of the boundary
surfaces, we obtain the following relation between the coordinates

rcos® =cchg cosn + e, rsin® =csh§ sinn (1.2)

(2c is the focal length of the spheroidal system of coordinates, and a is the spacing between
the centres of the boundary surfaces).

Let displacement vectors be given on the boundary
oD

Upor = 2 [P (cos8) ey + APy (cos ) e:] (1.3)
k:

=0

Upget,= O [A1%P (cosmy) ep -+ APy (cos my)e:]
k=0

(e €z are unit vectors of the cylindrical system of coordinates). We later assume that
éok(kmi.{y] +AP < o0 ((=1,2) (1.4)
We will seek the solutign of problem (1.1) and (1.3) in the form
= '};{T:; [aﬁ"—:? Win(r,0) + bz% Ukon (&ps "]1)] (1.5)

#ppikl.Matem.Mekhan. ,54,1,65-74,1990
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The following notation is used here and henceforth:
WE, =D [0in(r, 0, @), Uk =D [uia (B M ol (k=12 (1.6)

DY = grad, D, = zgrad + (4v — 3)e,, D = o + 1 DV
DY =D, — R®D{D¥, DP =D, — c ch? DD

Diun = unj:l» Dl wn [2 (n -+ 1) + 1]—1 w%ﬂ;n wfn = w:11t:$1
wE, = wE, uf, =Dy — D) uE, uf.=u,t
n!

Pt 1

h =ch
w"i - . Ipn (COS 6), u,,i - {Qn (C g) q C §o

" P, (ch g)} Faleosm: 7 _ang,

n!

where P, (z) and @, (z) are Legendre function of the first and second kind.

The solution (1.6) are an axisymmetric modification of the exact solutions for a sphere
and spheroid introduced in /2/. The exact solutions for a sphere and spheroid were examined
in somewhat different form in /3, 4/.

We will change to spherical coordinates in the general solution (1.5) by using the
formulas for the expansion of spherical solutions of the Lamé equation in spheroidal solutions

12/

Win= k;(— 1smit (k + %) CHUT k (1.7)
- \" n (1) @
Win ’é( Jeen (I + ) [CO Uz + U]
Cu)x = ]fn ( 2 )" r<"1+—2_) C;_;{_"( c )v

2 R? 1 1
Py = Fr— Clh i — ¢g?CPy v

(Cp¥ () is the Gegenbauer function). Substituting (1.7) into (1.5), we obtain after some
reduction
bed (3)
O [ % (1)
U = k 7YU7 1.8
U k::[o,,m)U“‘Tok()U*”( + )}_4 i ] (1-8)
&) \ (1) n,'" ( 1+"*"C(l)k +6 Z (z) n" ( 1)k+ncg)kr
—
5 {1,' i=1
1700, P51

We similarly convert (1.5) to spherical coordinates by using formulas for the expansion
of spheroidal solutions of the Lame equation in spherical solutions /2/

ot Y (- el (1.9)
k—u
U;, n = —3— }_}(._ 1\k+n [C(l) W;k + C(Z) ;k]
k=n
We consequently have
U= Y[ Wi+ 0 S Wi+ —LH(” g (1.10)
= ! = :
{2y k @) (__ pyfe+n
@_ \1 4% Y @ L DT e
Hi > 7@ e+ 8 ) o Gen
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Changing to the coordinate mode of writing the displacements (1.8) and (1.10) 1n the basis
eg. € and satisfying the conditions on the boundary (1.3) by using the orthogonality of the

Legendre functions we obtain an infinite system of linear algebraic eguation in g,®
& G L 6.3 o .41
S (sipal® + 3 NP = A (1.11)
p=1 n=g
2 D 142, 1) ()
i N 1
p (sﬁ',“,?’a%”*” + 3 aPel? ) = Ai)s
p=1 n=%K
(i=12p=1,2,3,4k=1,2,...)
Here
4 kg ) @) L
'Sgtl,}l = E1 [ sl(fl,)z = Pyt s;:,)1=i:, Sy;,gx4\’ "”3+ T e 1 “12)
O oM (@) O Gk 205 (2)
L A )
4 4 3(4) - (4\"‘"3} Qk (4)-(]‘“*'1) QQJH.} (9)
Si,y =2 iy S,y == Qk(‘?)
k+nsl
an _ (0P e (DT o
fxn,g == 23;”1@"(?) X.mr Ink 212"“0,,(11) 3%
an _ (Do~ [ k42 @ ]
t",k = ZRk“Qn(Q) Ck,n+ RT3 Ck,n_
@ _{— D"kl a kL1p ) ) }
ik —w 4v—3 %S Cin—Cxn
i >
B8 = (= (b + ) 2 PEY @) (e
1 {
10 = (— 4 (k + T)‘%’E“Pk (@) CPx
1\ nl = -1, (]
10 = (= 1) (b ) S [k — ) gPEY (@ O — PEV (@) O]
! (2
P = (= 0 (ke ) [ —3) P (@) + RaPia (@) O — Pr (@) 2]
For % =0 it is necessary to append o =g =0 to (1L.11) for i=2.
Solving (1.11) for ", we represent the infinite system in the form
, I ALP)(E) e )
a? + (— 14 L Zag’m %3 k.s—zA nk Sk {1.13)
=1 D *
(1 A — e o = sl — sl
Ay
LI (3, D) (4) (4P (3)
a4 (— tye Z Za(’f) tn.lf)sk,avi:tn,k ¥k, 8-
Pl pesk 2
AD Ol (8
; .23k, 3~ ,25%, )
(= RS A= sllislh — sk
For k=0 it is necessary to append g, = g,® =0 to the eguations
2.2 2 = (4,9) (2)
@, e @_ _An @ __ @ Ino _ A (1-1%)
Qy e g = i o == a5 =
EO] o) B §8)
0.2 5,2 7=t o 0.2 0,2

Lepmg 1.1. For k>»1,v<(Y, the determinants A, A, are non-zero for all §,>>0. The
following estimates hold:
(81> @ =) -+ 1) [ A [ 6 )+ 1) (1.15)

Proof. On the second estimate is needed in the proof. Writing A; in explicit form
g 3—4%
0, (92 Ay = - 00 (9) Oy, D=5 GO+ Ty & @ @

we note that the last component is negative. Using the integral representation of the Legenre
function of the second kind, a formula
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oo t
— 2
S ar S (cht—chu)du

q q -
+ 00 (@) Oy (@ =711 % @0 (@) = — o7 PRy

]

can be obtained for the first two components from which and from the inequality |Q,® ()| > %Qx (g)
the required estimate follows.

The infinite system (1.13) and (1.14) is the operator equation (I + T)z = f, where &, [
are columns of the unknowns and the right-hand sides, respectively, I is the unit operator,
and T is the system operator.

Lemma 1.2. The operator T of system (1.13) and (1.14) is a completely continuous operator
from [, into Il; for R >cchg,+ a.

Proof. As we know /5/, it is sufficient to show for the proof that the matrix coef-
ficients of the operator are square summable. It follows directly from relations (1.12) that
an arbitrary matrix coefficient can have the sum of a finite number of expressions of the
form _k

Tp,x = Bn®PY (@) (k4B RO,

as the upper bound, where B is a certain constant independent of n and k and «,8,y are fixed
non-negative integers. We note that

1l < By Y nP @ 0 (%)

n=0

e
L\/_]s

3
I
S
=
i
=3

where the last series converges for R>c¢g+ a« Dbecause of asymptotic formulas for the Legendre
functions. Therefore, the stronger assertion

DIy l<o (1.16)

n=0

=

o

is proved, where T,, are the matrix coefficients of the operator T.

It can be shown that when condition (1.4)is satisfied the column of the right-hand sides
of system (1.13) and (1.14) belongs to the space (I, Then system (1.13) and (1.14) is
correctly solvable for almost all values of the parameters therein in the Hilbert space [,
and an approximate solution can be obtained by the method of reduction /5/. It follows from
the solvability of the system in [/, and (1.4), (1.13), (1.14) and (1.16) that

Mg

[ af’ | < oo

k=0

Il

which means absolute and uniform convergence of the series (1.5), (1.8) and (1.10).
Now, let stresses be given on the boundary (G is the shear modulus)

FU,_r=2G 3 [APPY (cosBYe, + ARLPy (cos 8) €] (1.17)
k=0

FUp~, = 2Ghe™ 3 [ALP1 (cosmy) € + ARLPy (cos ) ]
h = (g2 — cos?n, )/

The solution of the first fundamental problem will be sought, as before, in the form of
(1.5). Going over from displacements to stresses on the appropriate boundary surfaces in
(1.8) and (1.10) and satisfying conditions (1.17), we obtain an infinite system of linear
algebraic Eqgs.(1.11) with the following matrix coefficients

— Nk —
M= pr, sth=2vg BDEED g g (1.18)
k(k—2
35(2,)2 =k [2\’ —1 + —2(7__—1—)]
o
@ _ 1 d 51 @ i ¢ d [ Q9 > _ ]
Sk, = Ok (q) d%ﬂ Qk (q)v Sk, = Qk(q) [k-}-i d§0 <\ q ZVQK (q)
o (@) i [ d <ok <q>> L ]
@ _ Yk @ _ 1Y ne +1 — 2vy 0
Sk = Qk(q) J Sk,2 Ok(q) (k+ 1)({ dt, q +(1 V)Ok (q)
K +78- __ nhykn '
b _ =) e (k- 1)) Fo L BIC R ) etk 1) o

2kR*1Q, (g) 2R*1Q,, (g)
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o _ (— 1) ckl k12,43 m _ E+1 @

¥ =R (0 [(2" ZE+3 )C 3 C"’“]
e _ (=0t (oo (g0 4 EFDEES) -0
tnk = 2R"”Qn(q) I:Ck'" (2’\? 1 _—-%—H_—)Ck'n]

1 ’
e U ) e dga a5 P @ e

09 = (= pen (b + ) = x

P
[ et - (4 (222 ) + vp@ o]
t:;;,l) (— 1)yknit (k+ _;_) P%) (q)-;—icg,)k
1 !
10 = (— 1)k+n(k+ _2,)_;‘?‘_ %

[P“’(q) C2y — (kqg ddg (—P—"_q#(q—)-)%-(z\? 1)P(‘)(q))C“’ ]

For k =0 the equalities @,V = q,® = q,® =0 must be appended to (1.11) for i =2.
The two mentioned equations have the form

-1 R2A2)Q, (
= 430, [ g2 (LD) 1t —mP 9]\ a0 = — D% (1.19)

The statics conditions for this problem reduce to the relationship
c7A,, B = —R4,,,® (1.20)
from which it follows that one of Eqs.(1.19) is a corollary of the other, which means that

the system is consistent for = 0.
In the case of the first boundary-value problem the estimates

[ A I > 2vE (e + 1) [Ay | > (1 —v)cth &y, v<<1

are proved for the determinants A, and A,.
Investigation of the solvability of the infinite system is completely analogous to that
performed earlier for the second boundary-value problem.

2. Let us consider the first and second axisymmetric problems for (1.1) for a prolate
spheroid with a spherical cavity whose centre is on the spheroid axis at a distance a from
its centre. We introduce an identically directed spheroidal system of coordinates (&, " 9
and a spherical system of coordinates (ry, 0,, ) superposed on the centres of the boundary
surfaces. Then relationships (1.2) must be replaced by

cchtcosn =ryco80;, + a, cshgsinn =r; sin 0, 2.1)

Let the displacement vectors
Uprmr = 3 [4K3PE (cosB) ey + APy (cos 8)) e5] (2.2)
=0

Ujges, = 2[,4‘1’ PP (cosm) e, + AP (cosn) ez

subject to condition (1.4), be given on the boundary.
We will seek the solution of the problem in the form

- H
U= Z Z‘ [ ) Wk n(r1: 0y) + a(k+2)
k=1 n=0

U n (&) ] 2.3)

P (9

where the notation taken in (1.6) is used.

Proceeding as in Sect.l, by using the expansion formulas of the external spherical sol-
utions of the Lamé equation in external spheroidal solutions.
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k=n
2 v 1
Win = Y (k4 o ) [P UL — PELUL)
r=n
%) A 2) R 1) 1
Py =? [m‘Pn(I) foase’ P'ﬁ;,k =%I3 Pi,m - qupiv—)l,kﬂ

and internal spheroidal solutions in internal spherical solutions /2/
n n (2> _
Ui =— 3 POAWis Usn = RE [PSWak + PixWix
K=o “o

we represent the displacement (2.3) in spherical and spheroidal systems of coordinate and we
satisfy the boundary conditions (2.2). The infinite system of linear algebraic equations has
the form (1.11) with the following matrix coefficients

a 1 w k42 k- 1)
Sk g Sk T gppgs st =—1, S§:2,)2=4V——3'~(27—{:*_—2,’— » (2.4)
skia=—1
@ PCY () O _ (k—1) PV (g) 0 (4v -—3) P, (q) + kqPy_, (@)
k.1 Pk (q) ’ k2 = Pk @ [ k.2 — Pk (q)
1 k
oo R Py jan _ PR
' E+DIP, (@ ™ P, (q)
(2.2 __ __RF (2) / k2 ) 1))
50 = gy | P9 + (40 =3 4 = ) #04]
(3.1) ok +1 R™ , 2% 41 R
9P = — 2L 0 o g pd, i = 25 I 0,9 PP
(2)
1.2) RE [ Pk E—1 s
oy = + Prx
his kP (q) | *k+1 2%—1°"
(3.2 2k4-1 R™L ___ ~
9P = 2L T 100 (@) PR — (k + 2) 905 (@) PR

1949 = L B2 10 (0) PO, + ((4y — 3) 04 (@) — (k + 1) 0Qx (2)) P

c n!

For k=0 equations g, = g, =0 mnust be added to (1.11) for i =2,

Lemma 2.1. For k>1, v< ', the determinants A,, A, of system (1.13) and (2.4) are
non-zero for all §,>0. The following estimates hold:

[ [ > B—4v) (B + 1) [ A, [ 2—4v) (K + 1) th &, (2.5)

Proof. We will prove the second estimate. We write A; in the explicit form

3 —4v
P @ o= Firay PV @ P @ — T PP (@) Py (@) + T PR, (0) Py ()

It follows from the recursion formulas for the Legendre functions that

PP (g) Py (@) — kPP () Py (a) + ( + 1) gPP, (9) Py (0) =
2k 4+ )7 [PR)) (@) P, (9)— PP, (@) PP, (a)]

The right-hand side of the last formula is expanded ina power series in g¢—1, which is
strictly positive for g >0,k > 1. Taking account of the inequality P® (9> kth& Py (g), we
obtain the required result.

Lemma 2.2. The operator T of system (1.13) with the matrix coefficients (2.4) is a
completely continuous operator from [/, into I, for c¢g—a >R if ag >c¢ and for g (¢ —



57

>R if ag e
Proof. Consider an arbitrary matrix coefficient of the operator of the system 7. It can

have a finite sum of expressions of the form

dﬂ

dz"

Hn
M ()

a
= Bn 7
nle”

Tak

P, (I),

{x=a/c

as upper bound, where B is a constant independent of # and X and a,y are fixed non-negative
integers.

Let us estimate the sum of the squares of Tu. To do this we consider the formula /6/
P{™ (cos 8)) 2 (—)" I 1
T T el 3 (k) PR.06™ ety PP (cos )
k=n

in which all the parameters are connected by the relationship (2.1). It is known that the

functions
[k -+ Ya) (F — m)(k + m)l]Yf2 PR (2

form a complete orthonormal system in L,[-—1,1]. Let us write the Parseval equality for this
system

oo

Z plm)
2 1\ (k4 m) \r > 2 P (cosBy) 2
2[ ¢(n—m)! ((k +3 ) & —m)! ) PPoF™ (q)] =S[—_———r’”‘1 ] sin 6, doy
k=n ° 1
Hence it follows that

™

>j "2GR2n+2
]

n=0 k

Nk

[wor (4 7)) " pines™ 0] -

2
n2® (—R—) e [PS™ (cos B;)]2 sin 8, dB; -

Ty

]
N
JB

n=0

The series on the right converges if r, > R. Finding the minimum r, we obtain that it
equals ¢g—a if ag>c¢ and G(?—a®)e if ag<<e. Therefore, on satisfying the conditions
of the lemma, the series comprised of squares of ., converges, from which the proof of the
assertion follows.

Remark. The conditions imposed by Lemma 2.2 on the parameters of the problem have the
following geometric meaning: they require that the boundary surfaces do not intersect.

The question of the solvability of the infinite system can be solved exactly as in Sect.
1.

We consider the first boundary-value problem for a spheroid with a spherical cavity. Let
the stresses

FU,_x = 26 3[4 P (cosB)) e, + AFLP (cosBy) &) (2.6)
k=0

FUp_s, = 2Ghct D) [ALPE° (cos m) ey + AFAPy (cos M) €]
k=0

be given on the boundary.

We will seek the solution of the problem in the form (2.3). Carrying out the above-
mentioned calculations and changing from displacements to stresses, after satisfying the
boundary conditions we obtain an infinite system of linear algebraic Egs.(l.11) with the
following matrix coefficients

k41 1 k4 2)(k+3
sy = “T_;‘ . s =4 [L"‘Zk_)ij_i —- zv] (2.7
@ _ _ k+1 @ _ k41 (k+1)(k+3)
k1= ——F > Ska=—p [2\»——1-—-2,0—_,_—3—]
@ _ 1 d -1 (3 1 ¢ a [ PP
Skl = P, @) W& Pyolg), sk = P (@ [T i, (—ﬁq + 2vPy (9)
PP () 1 d_{ Pxal@)
@ ___ kK @ _ k-1\9 1)
®IET B TP [kq2 dﬁo( 7 ) v —1) PY (q)]
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faD _ kRF-L Pﬁ})k [ RE Pg,)k
K 2 I Y 7 A (R VI N )
OB B 5 P (2 + (ke 1) {k — 2}> Py
ak TEOREF1 ‘P“n'(‘q; 1 ey
@ PO,
@9 RN L P (2 . k(&-—Z))
e = T Ty TP )
3,1 2k -4 R™ 2k 41 H”+1
tﬁ;,k) =—= : Tg"Q( -1) ) P{}L, T N Y. j 0(1) ((()Pfgl,)n
t(a ,2)
Lk =

211 BT g o 2 o (@
s Al [35 o @ PR — { % j_ T dg, {”ﬁqi‘_"} — 290y ff?)) Pﬁ}n]
3 A
£ o 2k -ci— 1 %

nt

[08 @28 — (0 + e 2= (229 ) 11— 29 0P (@) P00

For k ==0 the equalities &, = a/® = ¢, =0 must be added to {1.11) for | = 2.
These equations have the form

2v—2 d
Dt =4l — o (B - -2 0P ()] af = 4R (2:8)

It follows from the statics conditions (1.20) that one of the Egs.(2.8) is a corollary
of the other, i.e., the system is consistent for =0,

In the case of the first boundary-value problem the following estimates are obtained for
the determinants A, and A,

A >R+ DR A > k(k+ 1)"2vth g,
The solvability of the infinite system is established as before.

3. As an application we will consider the problem of an external hydrostatic pressure p
acting on a sphere with a centrally located force-free spheroidal cavity. The conditions on
the boundary have the form {(1.17) where

1, k=1

AR f b ADm — b, A= AB=0 by= {7

The solution of the problem is given by (1.5}, where o, =0, a® (i =1,...,4) satisfy
the infinite system of linear algebraic Egs.({1.13} with the matrix coefficients ({1.18)
evaluated at a = 0. We will seek the solution of system (1.13) in the form of series in
the small parameter & = ¢g/R. Expanding the unknown a®  and the matrix coefficients in a
power series in g, substituting them into (1.13) and equating coefficients of identical powers
of & we have

W __ P 2 dv 283 a9 d—v
o =5 535+ e |~ (- 236+ 25—

v(3~—5v) 0 (9) ~
(1206 + 56— —2(1 —v— )L 0, @]} + 0 (e9)
o = p { -;—3 e 39%52:01 gf {_(—%92 - %“ZV) &)~

(Fe—1—+)La @} +06

(S L I
26 8q0:(q) X

[(Frar+1—20)0P @) + B+ 1—29 L0,@] +0 ()

{4} i £

o) =f s [~ T @—Le@]+ 06
G =0(e, k=2,3,..5i=1,...,4

Then we obtain for the stress on the sphere surface for § =0
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Ge=%=p{— 1+ W?E;WF [— (%q2 o —v)Q&" (@) — 39304 (9) ]} + 0 (e%) (3-1)

The first component in (3.1) corresponds to the case of a homogeneous sphere and agrees

with the known values of gy and g, in the Lamé problem. The first correction to it is of
the third order of smallness and, as can be shown, is negative for v <<*,. Therefore, the
presence of a spheroidal cavity results in an increase in the compressive stresses ¢g and 0
on the sphere surface for 86 =0. If we let ¢ —-oo in (3.1) for ¢ = R,/q, then the
spheroidal cavity becomes a spherical cavity and the stress equals

0p = 0p = p [—1 — 3,88 + 0 (£3), L = Ry/R

The latter formula agrees with the two first terms of the expansions of o0p, 0, in power

series in { in the Lamé problem of determining the state of stress of a hollow sphere sub-
jected to uniform external pressure /7/.
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